Introduction and motivation {#Sec1}
===========================

A plethora of cosmological measurements, especially those associated with observations of the cosmic microwave background radiation (CMB) in the universe \[[@CR1], [@CR2]\], lead to an estimate of the observed asymmetry between matter (mostly baryons) and antimatter of order:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Delta n(T\sim 1~\mathrm{GeV})= & {} \frac{n_{B}-n_{\overline{B}}}{n_{B}+n_{\overline{B}}} \sim \frac{n_{B}-n_{\overline{B}}}{s}\nonumber \\= & {} (8.4-8.9)\times 10^{-11} \end{aligned}$$\end{document}$$in the early stages of cosmic expansion, i.e. for times $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t<10^{-6}$$\end{document}$ s and temperatures $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$n_{\overline{B}}$$\end{document}$) denotes the (anti-) baryon density in the universe, and *s* is the entropy density of the universe. Moreover, the observations of the CMB background, indicate that at present the temperature of the universe is $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{n_B}{n_\gamma } \sim 5.4 \, \times 10^{-10}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$n_\gamma $$\end{document}$ is the density of photons in the universe.

At first sight, the asymmetry ([1](#Equ1){ref-type=""}) (and the result ([2](#Equ2){ref-type=""})) appears to be in conflict with fundamental properties of relativistic quantum field theories, which form the basis of our phenomenology of elementary particles. Specifically, in flat space-time, any unitary and local Lorentz invariant quantum field theory, which respects unitarity and locality, should be described by a Lagrangian that is invariant under *CPT* transformations where *C* denotes charge conjugation, *T* denotes reversal in time and *P* denotes parity (spatial reflection) transformations. This is the celebrated *CPT theorem* \[[@CR3]\]. For the physics of the early universe based on any Lorentz invariant quantum field theory, such a theorem implies that matter and antimatter should be created in equal amounts after the Big Bang. If such is the case, the universe today would be filled with radiation, as a result of matter-antimatter annihilation processes, in conflict with ([2](#Equ2){ref-type=""}).

Within the context of our current understanding of fundamental physics, A. Sakharov \[[@CR4]--[@CR7]\], postulated the following three necessary conditions for the dominance of matter over antimatter (baryon asymmetry in the universe (BAU) ([1](#Equ1){ref-type=""})), and hence for our very existence:Baryon (B) number violation.Charge (*C*) and charge-parity (*CP*) symmetries need to be broken.Chemical equilibrium does not hold during an epoch in the early universe, since chemical equilibrium washes out asymmetries.In fact there are two types of non-equilibrium processes in the early universe that can produce asymmetries between particles and antiparticles: the first type concerns processes generating asymmetries between leptons and antileptons (*leptogenesis*) \[[@CR8]--[@CR12]\], while the second produces asymmetries between baryons and antibaryons directly (*baryogenesis*) \[[@CR13]--[@CR16]\].

Unfortunately, within the framework of the Standard Model (SM), although Sakharov's axioms can be qualitatively reproduced, especially because one has both B and *CP* violation in the quark sector, the resulting baryon asymmetry is several orders of magnitude smaller than the observed one ([1](#Equ1){ref-type=""}) \[[@CR17]--[@CR19]\]. There are several ideas that go beyond the SM (e.g. grand unified theories, supersymmetry, extra dimensional models etc.) and provide extra sources of *CP* violation, necessary for yielding the observed magnitude for the asymmetry. Some of these attempts, involve the elegant mechanism of baryogenesis via leptogenesis, in which a lepton asymmetry is generated first, by means of decays of right handed sterile neutrinos to SM particles; the lepton asymmetry is subsequently communicated to the baryon sector by means of sphaleron processes which violate both Baryon (B) and Lepton (L) numbers, but preserve the difference B-L \[[@CR20]--[@CR26]\]. Heavy sterile neutrinos, through the seesaw mechanism \[[@CR27]--[@CR31]\], play another essential rôle in particle physics, since they provide a natural explanation for the existence of three light neutrinos with masses small compared to other mass scales in the SM), as suggested by observed neutrino oscillations \[[@CR32], [@CR33]\]. Fine tuning and some ad hoc assumptions are involved though in such scenarios, especially in connection with the magnitude of the *CP* violating phases and the associated decay widths. Consequently the quest for a proper understanding of the observed BAU still requires further investigation.

In the scenario of Sakharov it is assumed that *CPT* symmetry holds in the very early universe and this leads to the equal production of matter and antimatter. *CPT* invariance is regarded as fundamental since it is a direct consequence of the celebrated *CPT* theorem \[[@CR3]\]. However, it is possible that some of the assumptions in the proof of the *CPT* theorem do not hold in the early universe, leading to violations of *CPT* symmetry. Sakharov has stated that non-equilibrium processes are necessary for BAU in *CPT* invariant theories. If the requirement of *CPT* is relaxed, the necessity of non-equilibrium processes can be dropped . In a low-energy version of quantum gravity Lorentz invariance and unitarity are likely to emerge since not all degrees of freedom are accessible to a low-energy observer. Lorentz invariance violation has been singled out in Ref. \[[@CR34]\] as a fundamental reason for inducing *CPT* violation (CPTV) and vice versa. (However, such claims have been disputed in \[[@CR35], [@CR36]\], through counterexamples of Lorentz invariant systems, which violate *CPT* through relaxation, for example, of locality.) In our work we will consider Lorentz invariance violating (LV) backgrounds in the early universe as a form of *spontaneous* violation of Lorentz and *CPT* symmetry.

If LV is the primary source of CPTV, then the latter can be studied within a local effective field theory framework, which is known as the *Standard Model Extension* (SME) \[[@CR37]\]. The latter provides the most general parametrization for studying the phenomenology of Lorentz violation in a plethora of physical systems, ranging from cosmological probes, to particle and precision atomic physics systems. For the current era of the universe \[[@CR38]--[@CR41]\] very stringent upper bounds on the potential amount of Lorentz and *CPT* violation have been placed by such systems. However, under the extreme conditions present in the very early universe, such violations could be significantly stronger than in the present era (where they could be extremely suppressed (or absent), in agreement with current stringent constraints).[1](#Fn1){ref-type="fn"} In a previous work \[[@CR43]\] we presented a phenomenological model for generating a lepton asymmetry via CPTV in the early universe. The model was based on a specific extension of the SM, involving massive Majorana right-handed neutrinos (RHN), propagating on a Lorentz and CPTV, constant in time, axial vector background coupling to fermions. The latter could be traced back to a specific configuration of a cosmological Kalb--Ramond (KR) antisymmetric tensor field \[[@CR44]\] that appears in the gravitational multiplet of string theory \[[@CR45]--[@CR49]\], and plays the rôle of torsion in a generalised connection, although we do not restrict ourselves to such an identification.[2](#Fn2){ref-type="fn"} The involvement of sterile RHN in the model is physically motivated primarily by the need to provide a natural explanation for the light neutrino masses of the SM sector. The lightest RHN may also have a potential role as (warm) dark matter candidates \[[@CR25], [@CR26], [@CR51]--[@CR53]\]. However, in our CPTV models sterile neutrinos responsible for leptogenesis have masses in the $\documentclass[12pt]{minimal}
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                \begin{document}$$10^5$$\end{document}$ GeV range or higher \[[@CR43]\] and so cannot be considered as dark matter.

In \[[@CR43]\] we only gave a qualitative and rather crude estimate of the induced CPTV lepton asymmetry, based on the decaying right handed Majorana neutrino being at rest. In this way it was possible to estimate the lepton asymmetry, without following the standard procedure of solving the appropriate Boltzmann equation that determines correctly the asymmetry value at decoupling of RHN. In the early universe the heavy right-handed neutrinos are not at rest but have a Maxwell-Boltzmann momentum distribution. The purpose of this article is to properly take into account this momentum distribution in the calculation of the lepton asymmetry.

The structure of the article is as follows: in the next Sect. [2](#Sec2){ref-type="sec"} we review the model of \[[@CR43]\] and an earlier estimate of the CPTV-background induced lepton asymmetry, which shall be compared with the much more accurate result of the present article, obtained by solving the appropriate Boltzmann equations analytically. We commence our analysis by considering the lepton asymmetry associated with the decays of the RHN into charged leptons. In Sect. [3](#Sec3){ref-type="sec"}, we construct the appropriate system of Boltzmann equations in the presence of a weak CPTV axial background involved in the problem, and compare it with the standard CP violating case \[[@CR20]--[@CR26]\]. In Sect. [4](#Sec6){ref-type="sec"}, we solve the Boltzmann equations using Padé approximants \[[@CR54]\], which is an approximation popular in several fields of physics, ranging from statistical mechanics to particle physics and quantum field theory \[[@CR55]--[@CR60]\]. In this way, we manage to compute the induced lepton asymmetry at RHN decoupling analytically, avoiding numerical treatment. It should be remarked, that setting up and solving such a system of differential equations is a highly non-trivial and algebraically complicated task. Our analytical results agree (within $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 12.5\%$$\end{document}$ accuracy) with our earlier preliminary estimates of the freezeout point, as outlined, in \[[@CR43]\]. In view of this, we consider our system of Boltzmann equations as providing another efficient use of Padè approximants, this time with relevance to cosmology. The lepton asymmetry that we find in our analytic treatment is slightly larger (by a factor of about 2) than the estimate of \[[@CR43]\]; this is to be expected, since non-zero momentum modes of the RHN have been included. In Sect. [5](#Sec10){ref-type="sec"} we complete our analysis by including the contributions to the Boltzmann equations and the lepton asymmetry coming from the decays of the RHN into the neutral Higgs and active neutrinos. Our calculations show that the resultant lepton asymmetry increases by a factor $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim 2$$\end{document}$ compared to the one based on the RHN decays to charged leptons only. Conclusions and outlook are given in Sect. [6](#Sec15){ref-type="sec"}. A review of the formalism and derivations of the corresponding decay amplitudes and thermally averaged rates used in the Boltzmann equations, are presented in several Appendices.

Review of the CPT violating model for leptogenesis {#Sec2}
==================================================

It will suffice for our purposes to consider a single species of RHN as in \[[@CR43]\]. If the phenomenology is required to include the seesaw mechanism it is necessary (and possible) to add more species of RHN. The option of using a single species of RHN is not available within the standard *CPT* conserving but CP violating scenario, where to obtain a lepton asymmetry one needs more than one species of RHN \[[@CR20], [@CR21], [@CR24]\]. Our Lagrangian is given by \[[@CR43]\]:where *N* is the Majorana field, $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{k}$$\end{document}$ is a lepton (doublet) field of the SM sector, with *k* a generation index. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_k$$\end{document}$ is a Yukawa coupling, which is non-zero and provides a non-trivial interaction between the RHN and the SM sectors via the Yukawa type interaction ("Higgs portal"): $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} y_1 = y. \end{aligned}$$\end{document}$$Since in SM the leptons have definite chirality, the Yukawa interactions $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {L}_{YUK}= & {} -y \overline{L}_{1}\tilde{\phi }\left( \frac{1+\gamma ^{5}}{2}\right) N-y^{*}\overline{N}\tilde{\phi }^{\dagger }\left( \frac{1-\gamma ^{5}}{2}\right) L_{1}\nonumber \\= & {} -y \overline{L}_{1}\tilde{\phi }\left( \frac{1+\gamma ^{5}}{2}\right) N-y ^{*}\overline{L}_{1}^{c}\tilde{\phi }^{\dagger }\left( \frac{1-\gamma ^{5}}{2}\right) N.\nonumber \\ \end{aligned}$$\end{document}$$where in the last equality we used the properties of the charge conjugation matrix and the Majorana condition $\documentclass[12pt]{minimal}
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                \begin{document}$$N^c=N$$\end{document}$. The two hermitian conjugate terms in the Yukawa Lagrangian are also *CPT* conjugate. This is to be expected on the basis of the *CPT* theorem. In fact *CPT* violation is introduced only by interactions with the background field.

The background field is assumed at most a function of the cosmic time, so as to respect the isotropy and homogeneity of the early universe, where such backgrounds are non-trivial. We note at this point that, if the axial background field $\documentclass[12pt]{minimal}
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                \begin{document}$$B^\mu $$\end{document}$ is to be identified \[[@CR43]\] with the totally antisymmetric field strength ($\documentclass[12pt]{minimal}
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                \begin{document}$$H_{\mu \nu \rho } = \partial _{\mu } B_{\rho \sigma } +$$\end{document}$ cyclic permutation of indices) of the Kalb--Ramond \[[@CR44]\] spin-one field $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{\mu \nu }$$\end{document}$, that appears in the massless gravitational multiplet of string theory \[[@CR45]--[@CR47]\], then the latter is viewed as part of a torsion background \[[@CR48]\]: $\documentclass[12pt]{minimal}
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                \begin{document}$$B^\mu = \epsilon ^{\mu \nu \rho \lambda }\, H_{\nu \rho \lambda }$$\end{document}$. In such a case one should also consider the coupling of the axial field $\documentclass[12pt]{minimal}
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                \begin{document}$$j=$$\end{document}$ leptons, quarks) via a *universal* minimal prescription, with the coupling with all fermionic species $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ being the same : . In four space-time dimensions the $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{\nu \rho \lambda }$$\end{document}$ field is dual to a pseudoscalar field *b*(*x*) \[[@CR48], [@CR49]\]: $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{\mu \nu \rho } \propto \epsilon _{\mu \nu \rho \lambda }\, \partial ^\lambda b$$\end{document}$. There is an exact cosmological solution in the bosonic string theory \[[@CR49]\], in which the *H*-torsion background is identified with a homogeneous and isotropic cosmological Kalb--Ramond axion, linearly dependent on the cosmic time \[[@CR49]\]. The solution satisfies the corresponding conformal invariance conditions of the associated $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_0 = \mathrm{const} \ne 0,\quad B_i = 0,\quad i=1,2,3. \end{aligned}$$\end{document}$$In \[[@CR43]\] we have generalised the above solution ([7](#Equ7){ref-type=""}) in theories with fermions, in which the latter condensed in the early universe. Such backgrounds can then be viewed as spontaneously breaking Lorentz and *CPT* symmetry in the system and are consistent with isotropy and homogeneity of the early universe. In what follows we shall consider the Lagrangian ([4](#Equ4){ref-type=""}) in the generic background ([7](#Equ7){ref-type=""}), without specifying further its microscopic origin. The form of the Lagrangian coincides with one of the simplest forms of the so-called Standard Model Extension (SME) \[[@CR37]\], namely that in which the temporal component of the so-called $\documentclass[12pt]{minimal}
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                \begin{document}$$b_\mu $$\end{document}$ coefficient assumes a constant value.

There are stringent constraints \[[@CR38]--[@CR41]\] (coming from a plethora of measurements ranging from astrophysical to laboratory precision tests of Lorentz and CPT symmetries) for today's value of $\documentclass[12pt]{minimal}
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                \begin{document}$$b_0 \le 0.02 $$\end{document}$ eV (and much suppressed spatial components $\documentclass[12pt]{minimal}
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                \begin{document}$$b_i < 10^{-32}$$\end{document}$ GeV). Although in our model in the frame of Robertson--Walker (cosmic microwave background) the axial background is assumed to have only the temporal component ([7](#Equ7){ref-type=""}), nevertheless the slightest motion of the observer with respect to that frame will generate a spatial component by means of a Lorentz transformation. It is therefore essential that any current value of $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$ is severely suppressed today, and also during the nucleosynthesis era. In \[[@CR43]\] we have provided arguments in favour of scenarios in which the universe undergoes a phase transition soon after the decoupling of heavy neutrinos, so that the background $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$ ceases to be a constant, and decreases with the temperature according to the scaling law $\documentclass[12pt]{minimal}
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                \begin{document}$$T_D \simeq m_N \sim 100$$\end{document}$ TeV, implies a phenomenologically consistent leptogenesis for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_0 \sim T^3, \end{aligned}$$\end{document}$$implies for the present era a negligible $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0 = \mathcal {O}(10^{-44})$$\end{document}$ meV today, and also a very small value during the nucleosynthesis era.Fig. 1Tree- (left) and one-loop (right) decay amplitudes for the decays ([9](#Equ9){ref-type=""}) that are relevant for leptogenesis. Continuous undirected lines represent right-handed neutrinos (RHN), lines with an arrow represent SM leptons, whilst dashed lines correspond to the SM Higgs. In our approach, only the tree diagrams are evaluated in the presence of an axial background field ([7](#Equ7){ref-type=""}). The remaining diagrams are required for the standard result of \[[@CR20]\], leading to leptogenesis in CPT invariant theories, with only CP violation in the lepton sector; it is necessary to have more than one generation of right-handed neutrinos, given that the CP violation appears in the neutrino mixing matrix. In this standard case the RHN *N* in intermediate lines in the middle and right panel graphs are understood to have a different flavour from the external RHN line. The flavours of RHN are not indicated in the diagram for brevity

As we shall be interested in high temperatures $\documentclass[12pt]{minimal}
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                \begin{document}$$T \simeq T_D \sim 100$$\end{document}$ TeV, which are much higher than the electroweak phase transition, the SM fields are treated as massless, while the heavy RHN can still be assumed to be massive.[3](#Fn3){ref-type="fn"} In such a case, the Higgs field does not develop a vacuum expectation value; consequently the charged Higgs (denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$h^0$$\end{document}$) play a rôle in the physical spectrum. From the form of the interaction Lagrangian in Eqs. ([4](#Equ4){ref-type=""}), and ([6](#Equ6){ref-type=""}), it is straightforward to obtain the Feynman rules for the diagrams giving the decay of the Majorana particle in the two distinct channels:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathrm{Channel~I}: \qquad N \rightarrow l^{-}h^{+}, \nonumber \\&\mathrm{Channel~II}: \qquad N \rightarrow l^{+}h^{-}. \end{aligned}$$\end{document}$$The neutral channel decay $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ are the SM neutrinos, would not lead to any lepton asymmetry, if the active neutrinos $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ were purely Majorana; this follows directly from the Yukawa term ([6](#Equ6){ref-type=""}), when expressed in terms of Majorana fields for the neutrinos. However, in standard see-saw scenarios \[[@CR27]--[@CR31]\], the Lagrangian contains Dirac mass terms for the active neutrinos and schematically $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\nu }} \ne \nu $$\end{document}$; so there would be additional contributions to the lepton asymmetry from the tree level decays in the channels$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathrm{Channel ~I}: \qquad N \rightarrow \nu \, h^{0}, \nonumber \\&\mathrm{Channel ~II}: \qquad N \rightarrow {\overline{\nu }} \, h^{0}. \end{aligned}$$\end{document}$$In the absence of the background, the squared matrix elements obtained from tree level diagrams for the two decays in Eq. ([9](#Equ9){ref-type=""}) (cf. Fig. [1](#Fig1){ref-type="fig"}), and also in Eq. ([10](#Equ10){ref-type=""}), would be the same \[[@CR20], [@CR21], [@CR24], [@CR62]\]. In such a case, a lepton asymmetry is generated due to the *CP* violation present in the neutrino mixing matrix in the pertinent one loop diagrams, and hence require more than one species of right-handed neutrinos. In the presence of the background $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0 \ne 0$$\end{document}$, however, there is a difference in the decay rates of the tree level processes ([9](#Equ9){ref-type=""}), and this leads to CPTV-induced lepton asymmetry.[4](#Fn4){ref-type="fn"}

In what follows, we shall first calculate the lepton asymmetry based only on the decay channels ([9](#Equ9){ref-type=""}), involving charged leptons in the final stage. In Sect. [5](#Sec10){ref-type="sec"} we shall include the neutral decay channels ([10](#Equ10){ref-type=""}), into active neutrino and neutral Higgs. As we will demonstrate, the complete lepton asymmetry is increased by a factor of 1.98 as compared to the contribution from the charged channels ([9](#Equ9){ref-type=""}) alone (the case considered in the estimate of \[[@CR43]\]). It will turn out that the estimate of \[[@CR43]\]) for the lepton asymmetry is of the same order of magnitude as the one derived in our current accurate treatment, thus providing an a posteriori justification of the simplified analysis of \[[@CR43]\].

In \[[@CR43]\], by assuming the heavy Majorana neutrino at rest, we estimated the lepton asymmetry induced by the (Lorentz-and-CPT-violating) background $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$. We assumed one single Majorana neutrino *N* with the corresponding Yukawa coupling for the Higgs portal *y*. For *N*, the *tree-level* decays (cf. Fig. [1](#Fig1){ref-type="fig"}) for the two channels ([9](#Equ9){ref-type=""}), in the presence of the background $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}$$\end{document}$ is the effective number of degrees of freedom of all elementary particles and $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{pl}$$\end{document}$ is the Planck mass. For a minimal extension of the SM, with only right-handed neutrinos and the background $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N} = \mathcal {O}(100)$$\end{document}$ at temperatures higher then the electroweak transition \[[@CR64]\]. From the last equation one can estimate the right-handed-neutrino decoupling temperature $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T_{D}\simeq 6.2\cdot 10^{-2} \frac{|y|}{\mathcal {N}^{1/4}}\sqrt{\frac{M_{pl}(\Omega ^2+B_0^2)}{\Omega }}. \end{aligned}$$\end{document}$$Imposing a delayed decay mechanism, as for the standard leptogenesis \[[@CR20], [@CR63], [@CR65]\], leads to the further requirement that $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi \, (\Omega ^2+B_0^2)\le \Omega ^3$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi =3.8\cdot 10^{-3}\frac{m_{P}|y|^2}{\mathcal {N}^{1/2}}$$\end{document}$. In \[[@CR43]\] we demanded that saturation of this inequality be satisfied for all values of the background field $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_N^2\ge 1.09\, \xi ^2. \end{aligned}$$\end{document}$$On assuming for the (phenomenological) coupling *y* the value $\documentclass[12pt]{minimal}
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                \begin{document}$$|y|\approx 10^{-5}$$\end{document}$, we then obtain an order of magnitude estimate $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \overline{m_N}\approx T_D \approx 100 \;\text{ TeV }. \end{aligned}$$\end{document}$$In \[[@CR43]\] we estimated the lepton number density by assuming that all the right-handed neutrinos were at rest before the decay; hence with branching ratios of the decays given by $\documentclass[12pt]{minimal}
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                \begin{document}$$1-r$$\end{document}$, the decay of a single neutrino produces the lepton number$$\documentclass[12pt]{minimal}
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                \begin{document}$$T_D$$\end{document}$ (averaged over the respective helicities), one gets a *crude* estimate of the lepton number density. Also, in \[[@CR43]\] we assumed that the right-handed neutrino density distribution follows closely the equilibrium distribution for $\documentclass[12pt]{minimal}
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                \begin{document}$$T\ge T_{D}$$\end{document}$ and drops rapidly to zero at lower temperatures $\documentclass[12pt]{minimal}
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                \begin{document}$$T\le T_{D}$$\end{document}$; furthermore the density of the sterile neutrino (normalised to the entropy density) is well approximated by a step-function. This implies that the total lepton asymmetry (normalised over the entropy density) produced in the full decay of the right-handed neutrino is given by \[[@CR43]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} s \sim \frac{2\pi }{45} {{\mathcal {N}}} \, T^3 \sim 14 T^3, \end{aligned}$$\end{document}$$is the total entropy density (assuming, for temperatures higher than the electroweak phase transition, SM-like values for the effective degrees of freedom $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {N}}} \sim 100$$\end{document}$). For the non-relativistic right-handed neutrino, the Fermi-Dirac equilibrium density $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{n}}^{eq}_N$$\end{document}$ is well approximated by the Maxwell distribution, yielding in the presence of the background $\documentclass[12pt]{minimal}
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                \begin{document}$$g_N = 2$$\end{document}$ is the effective number of degrees of freedom of the right-handed neutrino, and we assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0/m_N \ll 1$$\end{document}$, an assumption that proves to be self consistent. The lepton asymmetry $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\Delta L^{TOT}}{s}$$\end{document}$ has not been measured directly, hence it can -- depending on the theory -- be different from the baryon asymmetry. However in theories with sphaleron transitions that preserve Baryon-minus-Lepton (B−L) number, such as minimal extensions of the SM with right-handed neutrinos, as the ones we are interested in \[[@CR43]\] and here, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta L^{TOT}{/}s$$\end{document}$ is expected to be of the same order of magnitude as the baryon asymmetry ([20](#Equ20){ref-type=""}),$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Y_{\Delta B} = \frac{n_{B}-n_{\bar{B}}}{s} = (8.4 - 8.9)\times 10^{-11}, \quad T > 1~\mathrm{GeV}, \nonumber \\ \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{\bar{B}}$$\end{document}$) is the number density of baryons (antibaryons) in the universe, provided it is communicated to the baryon sector by Baryon and Lepton number violating but Baryon-minus-Lepton (B−L) conserving sphaleron processes in the SM sector. An order of magnitude estimate of the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{B_0}{m}$$\end{document}$ can be found making use of the approximation $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{B_0}{m} \ll 1$$\end{document}$. Equating the expression for the lepton asymmetry with the phenomenological value ([20](#Equ20){ref-type=""}), and expanding ([17](#Equ17){ref-type=""}) to first order in $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\Delta L^{TOT}}{s}\simeq & {} \frac{g_N}{ 7 \,e\, (2\pi )^{3/2} }\frac{B_0}{m_N} \nonumber \\\simeq & {} 0.007 \, \frac{B_0}{m_N} \simeq 8 \times 10^{-11}, \nonumber \\ T\simeq & {} T_D \simeq m_N, \end{aligned}$$\end{document}$$which implies \[[@CR43]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{B_0}{m_N} = \mathcal {O}(10^{-8}). \end{aligned}$$\end{document}$$The small value of this ratio also allows us to justify a posteriori the neglect of higher powers of $\documentclass[12pt]{minimal}
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                \begin{document}$$y = {{\mathcal {O}}}(10^{-5})$$\end{document}$ and from the lower bound for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_N$$\end{document}$ of 100 TeV found in ([14](#Equ14){ref-type=""}), we get an approximation for the smallest possible magnitude of the background field required in order for this mechanism to be effective: $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0\simeq 1 \; \text{ MeV }$$\end{document}$. If other mechanisms contributed to the lepton asymmetry in the universe, or the Yukawa couplings assume smaller values, the minimum value of $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$ would be smaller than the one given here. Baryogenesis is then assumed to proceed via B-L conserving processes in the SM sector of the model.

In order to get a physically correct and more accurate estimate of the induced lepton asymmetry, the relevant Boltzmann equation needs to be studied in detail, since the heavy right-handed neutrinos are not at rest, but characterised by the Maxwell--Boltzmann momentum distribution in the early universe. This requires a good approximation for the thermally averaged decay rates ([9](#Equ9){ref-type=""}) of all the relevant processes and will be the subject of the current article. As the Boltzmann equations associated with the leptogenesis scenario advocated here and in \[[@CR43]\] involve appropriately averaged thermal rates of the decays ([9](#Equ9){ref-type=""}), we develop in Appendix 7.D the relevant formalism (for $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0/m_N \ll 1$$\end{document}$); the formalism will be used in the next Sect. [3](#Sec3){ref-type="sec"} to set up the pertinent system of Boltzmann equations. We shall often borrow methods and techniques from the standard case of *CPT* conserving RHN-induced leptogenesis, where the CPTV background $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$ is absent, but there is CP violation in the lepton sector \[[@CR20], [@CR21], [@CR24]\]. In the current article we shall closely follow the formalism outlined in \[[@CR24]\].

Setting up the Boltzmann equations for leptogenesis in the presence of CPTV backgrounds {#Sec3}
=======================================================================================

In the presence of the weak background $\documentclass[12pt]{minimal}
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From the expressions for the relevant amplitudes in Appendix 7.B, we know that, on account of helicity conservation, for the processes $\documentclass[12pt]{minimal}
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From now on, we shall concentrate on constructing the system of Boltzmann equations associated with:(i)the heavy neutrino abundance in units of entropy density (cf. ([26](#Equ26){ref-type=""})), and averaged over helicities $\documentclass[12pt]{minimal}
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To obtain a Boltzmann equation, summed up over helicities, for the averaged RHN abundance $\documentclass[12pt]{minimal}
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In this high-temperature (relativistic) regime, the entropy density of the Universe scales with *T* as $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{l^{\pm }}=0$$\end{document}$, in the high temperature regime, above the electroweak phase transition): We next proceed to solve the above equations which, since they are linear and first-order, can be in principle exactly solved. However, for the exact solutions to be amenable to analysis, approximations will need to be made; the goal is to find an analytic expression for the lepton asymmetry.

Heavy-right-handed-neutrino abundance Boltzmann equation {#Sec4}
--------------------------------------------------------

We commence our analysis with the heavy-RHN-Boltzmann equation (42). The equilibrium populations are calculated in Appendix 7.C. The corresponding thermally averaged decay rates read (see Appendices VIIB and VII D, and in particular Eq. (188)): where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$, of conventional leptogenesis \[[@CR24]\] should be noticed.The important difference is that, in contrast to our CPTV case, conventional lepton asymmetry occurs at one loop level for the decays of Fig. [1](#Fig1){ref-type="fig"} and requires more than one flavour of the RHN.

After substitution of the relevant expression for the thermally-averaged quantities $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\gamma ^{eq, (-)}(N \rightarrow l^{-}h^{+})\dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}} \nonumber \\&\qquad + \gamma ^{eq, (+)}(N \rightarrow l^{+}h^{-})\dfrac{Y_{N}^{(+)}}{Y_{N}^{(+),eq}} \nonumber \\&\quad \simeq 2A\Lambda f_{1}(z)g_{1}(z)\bar{Y}_{N} + \mathcal {O}\Big (\dfrac{B_{0}}{m_{N}}\Big )^{2}, \end{aligned}$$\end{document}$$where again the term involving the differences of the abundances will be of order $\documentclass[12pt]{minimal}
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Lepton asymmetry Boltzmann equation {#Sec5}
-----------------------------------

We proceed now to study the equation for the lepton asymmetry ([43](#Equ43){ref-type=""}) at high temperatures. Concentrating on the first two terms on the right hand side, which involve the heavy neutrino abundances, and substituting in the expressions for the thermally-averaged $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The final form for the lepton-asymmetry Boltzmann equation at high temperatures, then follows: As with the equation for the RHN abundance, the reader should bear in mind that the lepton asymmetry equation above is derived in the high temperature regime $\documentclass[12pt]{minimal}
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Solutions to the system of Boltzmann equations {#Sec6}
==============================================

In this section we derive approximate analytic solutions of the system of Boltzmann equations (56), (62), which will allow us to compute the lepton asymmetry induced by the CPTV background in our model. So far we have derived equations for the RHN and lepton asymmetry (cf. (56) and (62) respectively) for high temperatures, $\documentclass[12pt]{minimal}
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To extrapolate the solutions to the regime $\documentclass[12pt]{minimal}
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                \begin{document}$$z \simeq 1$$\end{document}$, we shall use a Padé approximation \[[@CR54]\]. As well known, a Padé expansion can accelerate the convergence of an asymptotic expansion or, for a series, turn a divergence into a convergence. It is widely used for producing in solving approximately complicated problems in several fields of physics, ranging from statistical mechanics to particle physics and quantum field theory \[[@CR55]--[@CR60]\]. Here we present another useful application of the method in cosmology. We outline the general concepts of the Padé approximants method and the specific algorithm used in our computation in this work in Appendix 8.

Solution to the heavy-neutrino Boltzmann equation {#Sec7}
-------------------------------------------------

The heavy neutrino Boltzmann equation (56) decouples $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{1}$$\end{document}$ is the constant of integration and will be determined using the boundary condition (cf. ([159](#Equ159){ref-type=""}) in Appendix 7.C),$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_N=2$$\end{document}$, and we used ([63](#Equ56){ref-type=""}). In our case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< z < 1$$\end{document}$, as we are interested in non-trivial populations in the phase where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T > T_D$$\end{document}$ (for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T < T_D$$\end{document}$ the populations drop sharply, this is our basic assumption \[[@CR43]\]). From the qualitative analysis of \[[@CR43]\], reviewed in Sect. [2](#Sec2){ref-type="sec"}, the freezeout temperature $\documentclass[12pt]{minimal}
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Solution to the lepton asymmetry Boltzmann equation {#Sec8}
---------------------------------------------------

In this subsection, we proceed with the substitution of the previous result onto the Boltzman equation (62) and proceed with its solution, which will allow for a determination of the lepton asymmetry.

Similarly to the previous case, the integrating factor $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{2}$$\end{document}$ is the constant of integration, determined by using the thermal equilibrium boundary condition (c.f. Appendix 7.C, Eq. ([159](#Equ159){ref-type=""})),$$\documentclass[12pt]{minimal}
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                \begin{document}$$0< z < 1$$\end{document}$ the formal lepton asymmetry solution is given by, As in the previous case we make some simplifying approximations to obtain a solution for the lepton asymmetry. The integrating factor is approximated by the expansion of the series up to first order,$$\documentclass[12pt]{minimal}
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Series solutions of the Boltzmann equations {#Sec9}
-------------------------------------------

Here we present another method of obtaining the (approximate) solutions to the differential equations, in an attempt to get an idea on the stability of the freezeout point. Starting with the heavy neutrino Boltzmann equation we can Taylor expand the variable coefficients *P*(*z*), *Q*(*z*) around the point $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {L}(z = 1.62) = 0.0005\dfrac{B_{0}}{m_{N}}$$\end{document}$, with the corresponding heavy neutrino abundance at this point is $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{Y}_{N}(z = 1.62) = 0.0307$$\end{document}$. The observable lepton asymmetry (34) in that case is found to be We see that the series solutions yield a similar answer to the method using an integrating factor. The point of decoupling $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{D} \le m_{N} \Rightarrow z \ge 1$$\end{document}$ and the order of magnitude estimate for the Yukawa coupling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\vert y\vert \sim 10^{-5}$$\end{document}$ is unchanged. Comparing with ([21](#Equ21){ref-type=""}), we see that the result (96) is in excellent agreement with the lepton asymmetry estimated in \[[@CR43]\].

From either ([82](#Equ73){ref-type=""}) or (96), we obtain that phenomenologically relevant leptogenesis in our system, in the sense of ([21](#Equ21){ref-type=""}), is achieved for $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0 \sim 0.1-1~\mathrm{MeV}$$\end{document}$ for leptogenesis to lead to the observed baryogenesis via the B-L conserving sphaleron processes.

Comparing the freezeout points between the two approximate methods ([82](#Equ73){ref-type=""}) and ([95](#Equ85){ref-type=""}), we observe agreement with only 12.5 % uncertainty, indicating stability of the freezeout point in the region around one. This completes our analysis. Perhaps as we mentioned earlier, a full numerical solution will yield a freezeout point closer to the qualitative value of \[[@CR43]\], although we should emphasize that the above approximate analyses have yielded results in this respect that are of the same order of magnitude. This adds confidence to the efficient application of Padé approximant method to our cosmological problem.

Inclusion of the neutral Higgs portal {#Sec10}
=====================================

In the system of Boltzmann equations we will now include the contributions from the decays of the RHN into a neutral Higgs field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h^0$$\end{document}$ and an (active) neutrino $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$ of the SM sector (see Eq. ([10](#Equ10){ref-type=""})). As we shall demonstrate below, the computed (complete) lepton asymmetry has an approximate factor of two compared with the one based only on the charged lepton decay channels ([9](#Equ9){ref-type=""}) .

The complete heavy neutrino Boltzmann equation {#Sec11}
----------------------------------------------

Upon considering the *additional* contributions of the decay channels $\documentclass[12pt]{minimal}
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                \begin{document}$$N \rightarrow \bar{\nu }h^{0}$$\end{document}$ to the Boltzmann equation for the abundance of a RHN with helicity $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&zHs\dfrac{dY_{N}^{(\lambda )}}{dz} - \lambda I \nonumber \\&\quad = -\Bigg \lbrace \Bigg [\gamma ^{eq, (\lambda )}(N \rightarrow l^{-}h^{+})\dfrac{Y_{N}^{(\lambda )}}{Y_{N}^{(\lambda ),eq}}\nonumber \\&\qquad - \gamma ^{eq, (\lambda )}(l^{-}h^{+} \rightarrow N)\dfrac{Y_{l^{-}}^{(\lambda )}}{Y_{l^{-}}^{(\lambda ),eq}}\dfrac{Y_{h^{+}}}{Y_{h^{+}}^{eq}}\Bigg ]\nonumber \\&\qquad + \Bigg [\gamma ^{eq, (\lambda )}(N \rightarrow l^{+}h^{-})\dfrac{Y_{N}^{(\lambda )}}{Y_{N}^{(\lambda ),eq}} \nonumber \\&\qquad - \gamma ^{eq, (\lambda )}(l^{+}h^{-} \rightarrow N)\dfrac{Y_{l^{+}}^{(\lambda )}}{Y_{l^{+}}^{(\lambda ),eq}}\dfrac{Y_{h^{-}}}{Y_{h^{-}}^{eq}}\Bigg ]\nonumber \\&\qquad + \Bigg [\gamma ^{eq, (\lambda )}(N \rightarrow \nu h^{0})\dfrac{Y_{N}^{(\lambda )}}{Y_{N}^{(\lambda ),eq}}\nonumber \\&\qquad - \gamma ^{eq, (\lambda )}(\nu h^{0} \rightarrow N)\dfrac{Y_{\nu }^{(\lambda )}}{Y_{\nu }^{(\lambda ),eq}}\dfrac{Y_{h^{0}}}{Y_{h^{0}}^{eq}}\Bigg ]\nonumber \\&\qquad + \Bigg [\gamma ^{eq, (\lambda )}(N \rightarrow \bar{\nu }h^{0})\dfrac{Y_{N}^{(\lambda )}}{Y_{N}^{(\lambda ),eq}} \nonumber \\&\qquad - \gamma ^{eq, (\lambda )}(\bar{\nu }h^{0} \rightarrow N)\dfrac{Y_{\bar{\nu }}^{(\lambda )}}{Y_{\bar{\nu }}^{(\lambda ),eq}}\dfrac{Y_{h^{0}}}{Y_{h^{0}}^{eq}}\Bigg ]\Bigg \rbrace . \end{aligned}$$\end{document}$$We start by considering only the negative helicity $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda = -1$$\end{document}$. The reader should recall, from our analysis in the previous sections, that only the decay channel $\documentclass[12pt]{minimal}
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                \begin{document}$$N \rightarrow l^{-}h^{+}$$\end{document}$ and its inverse process yield non trivial contributions to the Boltzmann equation. Adding the decay channel $\documentclass[12pt]{minimal}
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                \begin{document}$$N \rightarrow \nu h^{0}$$\end{document}$ ([10](#Equ10){ref-type=""}) and its inverse, for helicity $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda = -1$$\end{document}$, to the Boltzmann equation, yields,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&zHs\dfrac{dY_{N}^{(-)}}{dz} + I \nonumber \\&\quad = -\Bigg \lbrace \Big [\gamma ^{eq, (-)}(N \rightarrow l^{-}h^{+})\dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}} \nonumber \\&\quad - \gamma ^{eq, (-)}(l^{-}h^{+} \rightarrow N)\dfrac{Y_{l^{-}}^{(-)}}{Y_{l^{-}}^{(-),eq}}\dfrac{Y_{h^{+}}}{Y_{h^{+}}^{eq}}\Big ]\nonumber \\&\quad + \Bigg [\gamma ^{eq, (-)}(N \rightarrow \nu h^{0})\dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}} \nonumber \\&\quad - \gamma ^{eq, (-)}(\nu h^{0} \rightarrow N)\dfrac{Y_{\nu }^{(-)}}{Y_{\nu }^{(-),eq}}\dfrac{Y_{h^{0}}}{Y_{h^{0}}^{eq}}\Bigg ]\Bigg \rbrace . \end{aligned}$$\end{document}$$We now make the approximation that the Higgs and lepton fields are in equilibrium $\documentclass[12pt]{minimal}
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                \begin{document}$$Y \simeq Y^{eq}$$\end{document}$. We also have the reciprocity of the thermal decay rates into charged leptons $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^{eq, (-)}(N \rightarrow l^{-}h^{+}) = \gamma ^{eq, (-)}(l^{-}h^{+} \rightarrow N)$$\end{document}$ and the same will be true for the light neutrino decay channels $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^{eq, (-)}(N \rightarrow \nu h^{0}) = \gamma ^{eq, (-)}(\nu h^{0} \rightarrow N)$$\end{document}$. Thus, the Boltzmann equation for the abundance of the negative helicity RHN becomes,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} zHs\dfrac{dY_{N}^{(-)}}{dz} + I&= -\Bigg \lbrace \gamma ^{eq, (-)}(N \leftrightarrow l^{-}h^{+}) \nonumber \\&\quad + \gamma ^{eq, (-)}(N \leftrightarrow \nu h^{0})\Bigg \rbrace \nonumber \\&\quad \times \Bigg [\dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}} - 1\Bigg ]. \end{aligned}$$\end{document}$$Similarly for the decay into anti-particles we only have the positive helicity $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} zHs\dfrac{dY_{N}^{(+)}}{dz} - I&= -\Bigg \lbrace \gamma ^{eq, (+)}(N \leftrightarrow l^{+}h^{-}) \nonumber \\&\quad + \gamma ^{eq, (+)}(N \leftrightarrow \bar{\nu }h^{0})\Bigg \rbrace \nonumber \\&\quad \times \Bigg [\dfrac{Y_{N}^{(+)}}{Y_{N}^{(+),eq}} - 1\Bigg ]. \end{aligned}$$\end{document}$$The thermal equilibrium decay rates of RHN into charged leptons and neutral leptons will be identical, since the magnitude of the electric charge was not specified, when considering the charged leptons. Only the relativistic nature of the corresponding dispersion relations was important. Therefore we have $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^{eq, (-)}(N \leftrightarrow l^{-}h^{+}) = \gamma ^{eq, (-)}(N \leftrightarrow \nu h^{0})$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^{eq, (+)}(N \leftrightarrow l^{+}h^{-}) = \gamma ^{eq, (+)}(N \leftrightarrow \bar{\nu }h^{0})$$\end{document}$. Taking this into account, and combining the two Boltzmann equations, expressed in terms of the averaged-over-helicities abundances $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} zHs\dfrac{d\bar{Y}_{N}}{dz}&= - \Bigg \lbrace \gamma ^{eq, (-)}(N \leftrightarrow l^{-}h^{+})\Bigg [\dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}} - 1\Big ] \nonumber \\&\quad + \gamma ^{eq, (+)}(N \leftrightarrow l^{+}h^{-})\Bigg [\dfrac{Y_{N}^{(+)}}{Y_{N}^{(+),eq}} - 1\Bigg ]\Bigg \rbrace . \end{aligned}$$\end{document}$$The heavy neutrino Boltzmann equation can then be expressed as,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \dfrac{d\bar{Y}_{N}}{dz} + P(z)\bar{Y}_{N}&= Q(z), \quad z < 1,\nonumber \\ P(z)&= a^{2}z^{10/3}\Big (1 - 0.3909z^{2} + 0.2758z^{4}\Big ),\nonumber \\ a^{2}&= 0.334\nonumber \\ Q(z)&= b^{2}z^{10/3}\Big (1 - 0.5668z^{2} + 0.3749z^{4}\Big ),\nonumber \\ b^{2}&= 0.0112. \end{aligned}$$\end{document}$$This is the complete Boltzmann equation for the abundance of the heavy right-handed Majorana neutrino, averaged over helicities, obtained by considering the complete set of decay channels of the heavy neutrino into charged and neutral leptons and anti-leptons ([9](#Equ9){ref-type=""}), ([10](#Equ10){ref-type=""}). The reader should notice that the constant factors $\documentclass[12pt]{minimal}
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                \begin{document}$$b^{2}$$\end{document}$ appearing in ([101](#Equ90){ref-type=""}) are twice as large as compared with those in the case where only the RHN decays into charged leptons and anti-leptons were considered, cf. Eqs. ([63](#Equ56){ref-type=""}) and ([64](#Equ57){ref-type=""}).

The complete lepton asymmetry Boltzmann equation {#Sec12}
------------------------------------------------

The inclusion of the extra decay channels ([10](#Equ10){ref-type=""}), leads to two additional Boltzmann equations when calculating the lepton asymmetry,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} zHs\dfrac{dY_{l^{-}}^{(\lambda )}}{dz} - \lambda I&= -\Bigg \lbrace \gamma ^{eq, (\lambda )}(l^{-}h^{+} \rightarrow N)\dfrac{Y_{l^{-}}^{(\lambda )}}{Y_{l^{-}}^{(\lambda ),eq}}\dfrac{Y_{h^{+}}}{Y_{h^{+}}^{eq}}\nonumber \\&\quad - \gamma ^{eq, (\lambda )}(N \rightarrow l^{-}h^{+})\dfrac{Y_{N}^{(\lambda )}}{Y_{N}^{(\lambda ),eq}}\Bigg \rbrace \nonumber \\ zHs\dfrac{dY_{l^{+}}^{(\lambda )}}{dz} - \lambda I&= -\Bigg \lbrace \gamma ^{eq, (\lambda )}(l^{+}h^{-} \rightarrow N)\dfrac{Y_{l^{+}}^{(\lambda )}}{Y_{l^{+}}^{(\lambda ),eq}}\dfrac{Y_{h^{-}}}{Y_{h^{-}}^{eq}}\nonumber \\&\quad - \gamma ^{eq, (\lambda )}(N \rightarrow l^{+}h^{-})\dfrac{Y_{N}^{(\lambda )}}{Y_{N}^{(\lambda ),eq}}\Bigg \rbrace \nonumber \\ zHs\dfrac{dY_{\nu }^{(\lambda )}}{dz} - \lambda I&= -\Bigg \lbrace \gamma ^{eq, (\lambda )}(\nu h^{0} \rightarrow N)\dfrac{Y_{\nu }^{(\lambda )}}{Y_{\nu }^{(\lambda ),eq}}\dfrac{Y_{h^{0}}}{Y_{h^{0}}^{eq}}\nonumber \\&\quad - \gamma ^{eq, (\lambda )}(N \rightarrow \nu h^{0})\dfrac{Y_{N}^{(\lambda )}}{Y_{N}^{(\lambda ),eq}}\Bigg \rbrace \nonumber \\ zHs\dfrac{dY_{\bar{\nu }}^{(\lambda )}}{dz} - \lambda I&= -\Bigg \lbrace \gamma ^{eq, (\lambda )}(\bar{\nu }h^{0} \rightarrow N)\dfrac{Y_{\bar{\nu }}^{(\lambda )}}{Y_{\bar{\nu }}^{(\lambda ),eq}}\dfrac{Y_{h^{0}}}{Y_{h^{0}}^{eq}}\nonumber \\&\quad - \gamma ^{eq, (\lambda )}(N \rightarrow \bar{\nu }h^{0})\dfrac{Y_{N}^{(\lambda )}}{Y_{N}^{(\lambda ),eq}}\Bigg \rbrace . \end{aligned}$$\end{document}$$Upon using the approximation that the Higgs is in equilibrium and the fact that for decays into particles we only have helicity $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda = -1$$\end{document}$, whereas for decays into anti-particles we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda = +1$$\end{document}$, as well as the reciprocity of the thermal decay rates $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^{eq, (\lambda )}(N \rightarrow A, B) = \gamma ^{eq, (\lambda )}(A, B \rightarrow N)$$\end{document}$, the above equations become,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} zHs\dfrac{dY_{l^{-}}^{(-)}}{dz} + I&= -\gamma ^{eq, (-)}(N \leftrightarrow l^{-}h^{+})\nonumber \\&\quad \times \Bigg \lbrace \dfrac{Y_{l^{-}}^{(-)}}{Y_{l^{-}}^{(-),eq}} - \dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}}\Bigg \rbrace \nonumber \\ zHs\dfrac{dY_{l^{+}}^{(+)}}{dz} - I&= -\gamma ^{eq, (+)}(N \leftrightarrow l^{+}h^{-})\nonumber \\&\quad \times \Bigg \lbrace \dfrac{Y_{l^{+}}^{(+)}}{Y_{l^{+}}^{(+),eq}} - \dfrac{Y_{N}^{(+)}}{Y_{N}^{(+),eq}}\Bigg \rbrace \nonumber \\ zHs\dfrac{dY_{\nu }^{(-)}}{dz} + I&= -\gamma ^{eq, (-)}(N \leftrightarrow \nu h^{0})\nonumber \\&\quad \times \Bigg \lbrace \dfrac{Y_{\nu }^{(-)}}{Y_{\nu }^{(-),eq}} -\; \dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}}\Bigg \rbrace \nonumber \\ zHs\dfrac{dY_{\bar{\nu }}^{(+)}}{dz} - I&= -\gamma ^{eq, (+)}(N \leftrightarrow \bar{\nu }h^{0})\nonumber \\&\quad \times \Bigg \lbrace \dfrac{Y_{\bar{\nu }}^{(+)}}{Y_{\bar{\nu }}^{(+),eq}} - \dfrac{Y_{N}^{(+)}}{Y_{N}^{(+),eq}}\Bigg \rbrace . \end{aligned}$$\end{document}$$The complete lepton asymmetry is given by the difference between the lepton abundances and the anti-lepton abundances, $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_{l^{-}}^{(-)} + Y_{\nu }^{(-)} - Y_{l^{+}}^{(+)} - Y_{\bar{\nu }}^{(+)}$$\end{document}$. By combining the last four equations we arrive at the following result,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{Left}\mathrm{-}\mathrm{hand~side}&= zHs\dfrac{d}{dz}\Bigg (Y_{l^{-}}^{(-)} \nonumber \\&\quad + Y_{\nu }^{(-)} - Y_{l^{+}}^{(+)} - Y_{\bar{\nu }}^{(+)}\Bigg ) + 4I\nonumber \\ \mathrm{Right}\mathrm{-}\mathrm{hand~side}&= -\gamma ^{eq, (-)}(N \leftrightarrow l^{-}h^{+})\nonumber \\&\quad \Bigg \lbrace \dfrac{Y_{l^{-}}^{(-)}}{Y_{l^{-}}^{(-),eq}} -\; \dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}}\Bigg \rbrace \nonumber \\&\quad - \gamma ^{eq, (-)}(N \leftrightarrow \nu h^{0})\nonumber \\&\quad \Bigg \lbrace \dfrac{Y_{\nu }^{(-)}}{Y_{\nu }^{(-),eq}} - \dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}}\Bigg \rbrace \nonumber \\&\quad + \gamma ^{eq, (+)}(N \leftrightarrow l^{+}h^{-})\nonumber \\&\quad \Bigg \lbrace \dfrac{Y_{l^{+}}^{(+)}}{Y_{l^{+}}^{(+),eq}}- \dfrac{Y_{N}^{(+)}}{Y_{N}^{(+),eq}}\Bigg \rbrace \nonumber \\&\quad + \gamma ^{eq, (+)}(N \leftrightarrow \bar{\nu }h^{0})\nonumber \\&\quad \Bigg \lbrace \dfrac{Y_{\bar{\nu }}^{(+)}}{Y_{\bar{\nu }}^{(+),eq}} - \dfrac{Y_{N}^{(+)}}{Y_{N}^{(+),eq}}\Bigg \rbrace . \end{aligned}$$\end{document}$$Using the same arguments as in the case of the heavy neutrino Boltzmann equation above, we realise that the abundances of the SM (active) neutrinos are identical to that of the charged leptons $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_{l^{-}} = Y_{\nu },Y_{l^{+}} = Y_{\bar{\nu }}$$\end{document}$. The thermally averaged decay rates will also be equal $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^{eq, (-)}(N \leftrightarrow \nu h^{0}) = \gamma ^{eq, (-)}(N \leftrightarrow l^{-}h^{+}),\gamma ^{eq, (+)}(N \leftrightarrow \bar{\nu }h^{0}) = \gamma ^{eq, (+)}(N \leftrightarrow l^{+}h^{-})$$\end{document}$. The Boltzmann equation for the complete lepton asymmetry ($\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {L} =\; Y_{l^{-}}^{(-)} - Y_{l^{+}}^{(+)} $$\end{document}$) then becomes,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 2 z H s\dfrac{d\mathcal {L}}{dz} + 4I&= -2\Big [\gamma ^{eq, (-)}(N \leftrightarrow l^{-}h^{+})\nonumber \\&\quad \Big \lbrace \dfrac{Y_{l^{-}}^{(-)}}{Y_{l^{-}}^{(-),eq}} -\; \dfrac{Y_{N}^{(-)}}{Y_{N}^{(-),eq}}\Big \rbrace \nonumber \\&\quad - \gamma ^{eq, (+)}(N \leftrightarrow l^{+}h^{-})\nonumber \\&\quad \Big \lbrace \dfrac{Y_{l^{+}}^{(+)}}{Y_{l^{+}}^{(+),eq}} -\; \dfrac{Y_{N}^{(+)}}{Y_{N}^{(+),eq}}\Big \rbrace \Big ] \end{aligned}$$\end{document}$$This is identical in form to the previous asymmetry Boltzmann equation (62) (for the case where only the decays of the heavy neutrino into charged leptons and anti-leptons were considered). However, in view of the difference of the corresponding Boltzmann equation for $\documentclass[12pt]{minimal}
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Integrating factor solutions of the complete Boltzmann equations {#Sec13}
----------------------------------------------------------------

We consider here the solutions to the complete Boltzmann equations on including the additional decay channels into SM neutrinos and neutral Higgs. As seen in ([101](#Equ90){ref-type=""}), the only difference is an increase of the constants $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(z^{32/3})$$\end{document}$ have been neglected as well as terms with coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(10^{-5})$$\end{document}$. The complete RHN solution is then substituted into the right hand side of the complete lepton asymmetry equation ([105](#Equ94){ref-type=""}) (which has the same form as the lepton asymmetry Eq. (62)). Following the calculation given in ([4.2](#Equ8){ref-type=""}), the solution for the complete lepton asymmetry is given by,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{Y}^{pade}_{N}(z_{D}) = 0.0343$$\end{document}$ (3.3% increase from the previous solution). The complete observable lepton asymmetry is given below: On using the integrating factor method, we note that the observable lepton asymmetry has increased by a factor of 1.4 from the previous calculation (where RHN was considered to decay into charged leptons only); so the addition of the neutral decay channels increases the complete observable lepton asymmetry.

Series solutions of the complete Boltzmann equations {#Sec14}
----------------------------------------------------

For concreteness we consider the series solution of the heavy neutrino abundance around the point $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{Y}_{N}^{pade}(z_{D}) = 0.0313$$\end{document}$ (less than a 2% increase from the previous solution). The complete observable lepton asymmetry is given by We thus note that the observable lepton asymmetry has increased by a factor of 1.98 from the previous calculation when only considering the RHN decay into charged leptons only, and so the addition of the neutral decay channels effectively doubles the lepton asymmetry. The fact that decoupling now occurs at $\documentclass[12pt]{minimal}
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                \begin{document}$$z_{D} = 1.77$$\end{document}$ does not affect the order of magnitude estimate for the Yukawa coupling *y*.

Conclusions and outlook {#Sec15}
=======================

In this work we have completed the analysis presented in an earlier work \[[@CR43]\] by computing the lepton asymmetry generated due to the decays of heavy right-handed neutrinos in the presence of a CPTV axial vector background with only temporal components $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0 \ne 0$$\end{document}$ in the early universe through an analytic (but approximate) solution of the corresponding algebraic system of Boltzmann equations. In \[[@CR43]\] we only presented a heuristic estimate of the generated asymmetry. In order to facilitate the comparison of our detailed analysis with the heuristic order of magnitude estimates of \[[@CR43]\] we have first assumed the active neutrino to be purely Majorana as in \[[@CR43]\] and concentrated only on the decays of RHN into charged leptons. The inclusion of the decays to neutral Higgs and light neutrinos has also been done here, with the (expected) result that the total asymmetry is increased by a factor of about 2 as compared to the charged-lepton-case.

Let us now recapitulate the main result for the case where *the neutral decay channel is ignored*. The current solution of the Boltzmann equations that describe the leptogenesis in the model has been obtained through an appropriate Padé approximation around the point $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0/m_N \ll 1$$\end{document}$. However the proportionality coefficient in the case the solutions are evaluated using an integrating factor is found to be 1.94 times larger than in the case of \[[@CR43]\]. On the other hand, in case one uses a series solution to the Boltzmann equations, the proportionality coefficient is in excellent agreement with the case of \[[@CR43]\]. This implies that in our numerical treatment the lepton asymmetry can be estimated to be This implies that phenomenologically acceptable values of the lepton asymmetry of $\documentclass[12pt]{minimal}
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in agreement with the estimate ([22](#Equ22){ref-type=""}) of \[[@CR43]\]. In our analysis we assumed Yukawa couplings of order $\documentclass[12pt]{minimal}
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                \begin{document}$$|y| \sim 10^{-5}$$\end{document}$ in the Higgs portal term ([6](#Equ6){ref-type=""}), that couple the right-handed neutrino to the SM sector of the model. This prompted us to ignore higher order terms of order $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0/m_N$$\end{document}$ ([114](#Equ114){ref-type=""}), required for the observed baryon asymmetry today (through leptogenesis).

The inclusion of the neutral channel in the RHN decay yields an estimate of the lepton asymmetry which is ($\documentclass[12pt]{minimal}
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                \begin{document}$$1.4 - 2$$\end{document}$) times as large as the asymmetry calculated in ([113](#Equ113){ref-type=""}),

This implies that phenomenologically acceptable values of the lepton asymmetry of $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0/m_N$$\end{document}$ which is (less than) an order of magnitude smaller than ([22](#Equ22){ref-type=""}). The slight increase of the freezeout point does not affect the order of magnitude of the asymmetry nor that of the Yukawa coupling of the Higgs portal; hence in order of magnitude there is qualitative agreement with the estimates of \[[@CR43]\].

Although our analysis has been generic in not specifying the microscopic origin of the *CPTV* background, nonetheless some microscopic scenarios originating from string theory have been presented in \[[@CR43]\]. According to these scenarios the background is identified with the dual of the Kalb--Ramond antisymmetric tensor field strength, $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{\mu \nu \rho \sigma } \, H^{\nu \rho \sigma }$$\end{document}$, which in a four-dimensional space-time is equivalent to the derivative of a pseudoscalar field *b*(*x*) (Kalb--Ramond axion), $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _\mu b$$\end{document}$. Nevertheless such an identification is not binding. However, if it is made, then within the context of realistic brane/string models the pressing question concerns the microscopic mechanism, for the transition from a relatively large value (in the Robertson--Walker frame) of the constant $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0 \ne 0$$\end{document}$ *CPTV* background in early eras of the (string) universe, required for leptogenesis, to a very weak background today, compatible with the very stringent limits of *CPTV* in the current era \[[@CR38]--[@CR41]\]. Some speculations have been presented in \[[@CR43]\] but detailed microscopic mechanisms, compatible with the rest of astroparticle phenomenology, including the open issue of the smallness of the (observed) cosmological constant (or dark energy) today, are still lacking and will be the subject of future investigations.

Nevertheless, we believe that the scenario for baryogenesis through leptogenesis presented initially in \[[@CR43]\] and completed here, is an attractive, relatively simple one, which deserves further investigations, within the context of appropriate microscopic models (not necessarily within the framework of string/brane theory). We hope to come back to such studies in the near future. Another important aspect of our current work is the demonstration of the efficiency of the Padé approximant method \[[@CR54]\] in solving Boltzmann equations, thus adding yet another successful example of this method, this time of relevance to cosmology.

Before closing, for the case that the background $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$H_{\mu \nu \rho }$$\end{document}$ in four space-time dimensions, as discussed briefly in Sect. [2](#Sec2){ref-type="sec"}. In such a case, direct *CPT* induced baryogenesis occurs, given that the *CPTV* background $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_0 = {\dot{b}} = \mathrm{const}$$\end{document}$ would imply effective chemical potentials that are different (by a sign) between particles and antiparticles (and left- and right-handed chiral fields). This, for the case of quarks of the SM sector, can lead to direct baryogenesis. However, for the scenario discussed in the present paper, the magnitude of the background $\documentclass[12pt]{minimal}
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                \begin{document}$$T \le 10^2$$\end{document}$ GeV -pertinent for such a case, assuming more or less standard decoupling temperatures of quarks- would imply a contribution to the baryon asymmetry that would be much smaller compared to that induced by the lepton asymmetry for $\documentclass[12pt]{minimal}
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                \begin{document}$$T_D =10^5$$\end{document}$ GeV. This is due to the scaling of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_0$$\end{document}$ with the cubic power of temperature *T*, as discussed in \[[@CR43]\], and reviewed above (cf. ([8](#Equ8){ref-type=""})). In general, though, several other contributions to the baryon asymmetry are expected, which depend on the microscopic model considered. Indeed, as discussed in \[[@CR69]\], where various microscopic scenarios for *CPTV* induced matter-antimatter asymmetry in the universe have been studied, the induced asymmetry is of order $\documentclass[12pt]{minimal}
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Appendices {#Sec16}
==========

In the following Appendices we discuss in detail several technical aspects of our work, which have been used in various parts of the main text.

7.1: Notation and conventions {#Sec17}
-----------------------------

Throughout this work we use the following conventions. Our metric signature convention is:$$\documentclass[12pt]{minimal}
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7.2: Decay amplitudes {#Sec18}
---------------------

In this Appendix we work out the amplitudes for the decay channels ([9](#Equ9){ref-type=""}) in an arbitrary frame, where the decaying right handed neutrino *N* has a four-momentum $\documentclass[12pt]{minimal}
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The squared amplitudes averaged over initial spins of all the processes are given below:

where we see that the forward and reverse processes of each decay yield the same result and the difference between the two decay channels into leptons and anti-leptons is a difference in sign of $\documentclass[12pt]{minimal}
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7.3: Thermal equilibrium populations {#Sec19}
------------------------------------

The (thermal) equilibrium population of a particle species is given by \[[@CR64]\]$$\documentclass[12pt]{minimal}
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We proceed now to determine the equilibrium abundances of the heavy right-handed neutrino (RHN) and the leptons. In the high-temperature era of the universe that we are considering we have $\documentclass[12pt]{minimal}
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7.4: Thermally averaged interaction rates {#Sec20}
-----------------------------------------

To calculate the thermal equilibrium density integral for each decay process, which enters the pertinent Boltzmann equation, we must sum over the different helicities:$$\documentclass[12pt]{minimal}
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The results for the decay and reverse processes $\documentclass[12pt]{minimal}
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8. Padé approximants method {#Sec21}
===========================

It is often possible to increase our knowledge of a function *f*(*z*) beyond the region of convergence of its Taylor series using the method of Padé approximants. The Padé approximation \[[@CR54]\] can be considered as follows: given a function *f*(*z*) (with a Taylor expansion around $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z=0$$\end{document}$), and two non-negative integers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m, n \ge 0$$\end{document}$, the *Padé approximant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[m/n]_{f(z)}$$\end{document}$ is provided by the function$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {P}^{n}_{m}(z)= \frac{\sum _{i=o}^{m} a_i \, z^i }{1 + \sum _{j=1}^n b_k\, z^k} . \end{aligned}$$\end{document}$$If the Taylor expansion of *f*(*z*) is truncated at power $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z^{n+m}$$\end{document}$, the resulting polynomial $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${T_{m + n}}\left( z \right) $$\end{document}$ can be written as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {T_{m + n}}\left( z \right) = \sum \limits _{j = 0}^{m + n} {{c_j}{z^j}} . \end{aligned}$$\end{document}$$We can Taylor expand $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}^{n}_{m}(z)$$\end{document}$ to order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z^{n+m}$$\end{document}$ and equate the expression to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{m + n}\left( z \right) $$\end{document}$. (As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n,m\rightarrow \infty $$\end{document}$ often $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}^{n}_{m}(z)\rightarrow f(z)$$\end{document}$ even when the Taylor series for *f*(*z*) is divergent.) Let us consider a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\times m$$\end{document}$ matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$ defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_{ij}=c_{n+i-j}\,(1\leqslant i,j \leqslant m)$$\end{document}$. From the matching of the series the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{i}$$\end{document}$ satisfy the matrix equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {A}\left[ \begin{array}{c} b_{1}\\ b_{1}\\ .\\ .\\ .\\ b_{m} \end{array}\right] =-\left[ \begin{array}{c} c_{n+1}\\ c_{n+2}\\ .\\ .\\ .\\ c_{n+m} \end{array}\right] \end{aligned}$$\end{document}$$The coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_j, \, b_j$$\end{document}$ in ([189](#Equ168){ref-type=""}) are *uniquely* determined, provided we normalise the zeroth order term in the denominator to one. The coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{i}$$\end{document}$ are determined by the set of equations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A_{i}=\sum _{j=0}^{i}c_{i-j}b_{j}. \end{aligned}$$\end{document}$$A common procedure is to examine the convergence of the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}^{J}_{0},\mathcal {P}^{1+J}_{1},\mathcal {P}^{2+J}_{2},\mathcal {P}^{3+J}_{3},\ldots $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=m+J$$\end{document}$. We shall use the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J=0$$\end{document}$ sequence known as the diagonal sequence.
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We will conclude with an example which is related to the calculation of lepton asymmetry. Consider$$\documentclass[12pt]{minimal}
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If one considers, for instance, quark fields in some Lorentz and CPTV backgrounds (such as those allowed by the SME formalism), it is possible to induce baryogenesis, as a consequence of the fact that the LV and CPTV effects induce "chemical potentials" for the quarks \[[@CR42]\]. This leads directly to baryogenesis, given that in the presence of a chemical potential $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{E}}$$\end{document}$ may be different from those of particles, as a consequence, for example, of different dispersion relations between particles and antiparticles). All these cause a difference in the corresponding equilibrium populations$$\documentclass[12pt]{minimal}
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                \begin{document}$$+ (-)$$\end{document}$ will denote a fermionic (bosonic) (anti-)particle\]. In principle, such scenarios can lead to alternative explanations for the observed matter-antimatter asymmetry, provided that detailed mechanisms for freeze-out of particle interactions in this SME context are provided.Unfortunately, so far, microscopic models leading to such SME lagrangians and related phenomena have not been provided.

In four space-time dimensions, the field strength of the KR field is dual to a massless pseudoscalar (axion-like) field. In the recent literature \[[@CR50]\] axion-based approaches to leptogenesis, involving an effective CPT-violating coupling between the (temporal component of the) lepton number current and the time derivative of a (time-dependent) axion field (which is quite different from our KR axion which couples to axial fermion currents), have been proposed. This interaction breaks time translation invariance and, thus, generates an effective chemical potential which differentiates between leptons and anti-leptons. The presence of this effective chemical potential allows for the generation of a lepton asymmetry by means of RHN-mediated $\documentclass[12pt]{minimal}
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We do not specify here or in \[[@CR43]\] the mechanism by which the heavy right-handed neutrinos acquire their mass. Exotic scenarios may be at play here \[[@CR61]\], in which the quantum fluctuations of the Kalb--Ramond $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{\mu \nu \rho }$$\end{document}$ field (equivalently the axion field *b*(*x*) in four space-time dimensions) are allowed to mix with ordinary axions, via kinetic mixing, and thus may be responsible for radiative generation of the right-handed Majorana neutrino mass, as a result of Yukawa coupling interactions of the ordinary axion with such right-handed neutrinos. In such a case, one may arrange that such masses are non trivial in the high temperature regime of the decoupling of the right-handed neutrinos, even if the rest of the SM fields are massless at such temperatures.

Scattering processes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l \, l \rightarrow {\bar{h}} {\bar{h}}$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l \, h \rightarrow {\bar{l}} \, {\bar{h}} $$\end{document}$, are of higher order in the Yukawa coupling *y* and hence are suppressed in our case, although such processes are equally important in standard CPT invariant, CP violating leptogenesis, with more than one species of right-handed neutrinos, as they are of the same order as the CP violating one-loop graphs \[[@CR24]\].

Such an assumption is non trivial and depends on the microscopic model considered. For instance, in terms of brane-world scenarios for the background $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$ \[[@CR43]\], where the latter is derived from a cosmological Kalb--Ramond axion field *b*(*t*), such an assumption is justified by requiring a cancellation of the constant in time kinetic energy density of the field *b* by the (negative) dark energy of the higher-dimensional bulk. After the decoupling, where the string/brane Universe undergoes a phase transition, the dark energy falls off with the temperature sufficiently rapidly, so as today it reaches the value measured by cosmological observations. We shall not discuss such details in the current article.
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